We have shown that a simple model based on pairwise deltafunction potentials can, with an appropriate choice of parameters, represent the general behavior of ultra-low temperature helium dimers and trimers, including all possible isotopomers. 
Introduction

T
he stability of small clusters of helium atoms, with binding energies in the millikelvin range, has been confirmed in recent years using highly refined experimental techniques including mass spectroscopy and diffraction by nanoscale sieves [1 -5] . Concurrent theoretical work has determined a highly accurate He-He interatomic potential [6 -8] and confirmed the stability of certain helium dimers and trimers. A highly accurate quantum Monte Carlo computation by Anderson et al. [9] predicted the stability of the 4 average internuclear separation to expand to 98.1 b (51.9 Å). No bound states exist for the isotopomers 4 He 3 He or 3 He 2 . The helium trimer has been the subject of many computational studies [10 -22] . Among the more recent of these, Nielsen et al. [20] used Faddeev methods [23, 24] 
Deltafunction Models
The purpose of this article is to present a highly idealized model which reproduces the essential features of helium dimers and trimers without the need for elaborate computations. The fact that the 4 He dimer supports but a single bound state is highly suggestive of a deltafunction potential, which has the same property. Moreover a deltafunction can be very weakly bonding, allowing for highly delocalized wave functions. Indeed Jee et al. [17] have employed fitted spherical delta-shell potentials in their study of 4 He 3 , obtaining a binding energy of 183 mK, about 50% higher than the accepted value of around 120 mK. Their value, like ours given below, is very much dependent on the choice of parameters in the potential.
In an earlier contribution to this journal [25], the authors proposed a "Dirac bubble potential" in which the interatomic interaction is idealized as an attractive deltafunction on a sphere of radius r 0 , viz.
The 
where r > and r < are the greater and lesser of {r 12 , r 0 } and the parameters are related by
The ground-state energy is equal to E = −κ 2 /2µ = −κ 2 /M. We equate this to the LM2M2 computed value [26], −4.148×10 9 hartree or −1.310 mK, which determines the parameter κ = 0.005520 b −1 . The first obvious candidate for the bubble radius r 0 would be the computed potential minimum, 5.61 b. This would be an appropriate choice for very heavy atoms. However, we obtain better results by using instead the maximum of the LM2M2 radial distribution function, namely r 0 = 13.15 b.
We have this leeway since we are constructing an empirical approximation to the accurate potential. The larger value of r 0 also takes account of the extensive delocalization of the wave function. With this parameter, we obtain a spectacular overlap integral of 0.99942 between the LM2M2 radial distribution function and that computed from Eq. (3). Using Eq. (4), we can now assign the value λ = −1.07434. In fact, a bound state does not exist for Eq. (2) unless λ < −1. For other isotopic variants, λ is approximately proportional to the reduced mass. This would imply for 4 He 3 He that λ 43 ≈ −0.9207, consistent with a nonexistent bound state. As we will see later, an even smaller negative value for λ 43 is appropriate.
Helium Trimers
The Schrödinger equation for a trimer with arbitrary masses and pairwise deltafunction interations can be written (in atomic unitsh = m = 1)
where 
Lacking exact solutions to Eq. (6), we consider variational approximations of the form (r 12 , r 23 , r 31 ) = φ 1 (r 12 )φ 2 (r 23 )φ 3 (r 31 ),
where the "orbital functions" φ i (r ij ) have the functional form of the dimer solutions Eq. (3), with the κ ij now treated as variational parameters. Note that this function is totally symmetrical with respect to interchange of any two particles, as is appropriate for a Bose-Einstein system. One must not fail to account for the deltafunction contributions resulting from second derivatives at the cusps r ij = r 0 , whereby
Homonuclear Trimer
We have recently done a preliminary computation on the 4 He 3 trimer, with the objective of studying the origin of three-body forces [28] . The three orbital functions can then be chosen with the same parameter κ, now treated as variational parameter, such as to minimize
We set the M i in Eqs. (5) and (6) all equal to M( 4 He) and the µ ij = M/2. Exploiting the equivalence of the three interatomic coordinates, the variational energy can be reduced to
We must evaluate the normalization integral (7), is symmetrical with respect to interchange of any two particles. The five roots of the secular equation give two bound states with energies −99.75 and −2.412 mK (plus three positive roots corresponding to unbound excited states). The Hylleraas computation thus gives a slightly improved ground state, with binding energy 99.75 mK. More significant, however, is the prediction of a weakly bound excited state. This evidently represents the Efimov state in the vicinity of 1-2 mK, as conjectured by several workers.
Heteronuclear Trimers
The computations of Nielsen et al. [20] predict a marginally stable (ca. 10 mK) 4 He 2 3 He trimer species with an average of 28 b for the 4-4 separation and 38 b for each 4-3 separation. While the choice of the parameter λ 44 is quite straightforward, given the dimer results, no corresponding assignment of λ 43 can be made on the basis of our model. Based on the reduced mass ratio, we might approximate λ 43 ≈ −0.9207. This successfully accounts for the instability of the 4 
